The oblique pumping spin wave instability threshold microwave field amplitude h crit was measured as a function of the static field for both in-plane and out-of-plane static fields for a thin disk of Mn substituted Zn-Y (Ba 2 Zn 2 Fe 12 O 22 ) easy plane hexagonal ferrite at 16.7 GHz. Theoretical fits to the in-plane static field data gave a single value of 12.8 Oe for the spin wave linewidth ⌬H k . The best overall fits were for a critical spin wave mode wave number k close to zero and there was no correlation with the critical mode propagation directions. The fitted ⌬H k for the out-of-plane static field geometry was found to increase with the out-of-plane magnetization angle, but showed no correlation with the critical mode propagation directions. These critical modes had kϷ0 as well. The fitted ⌬H k increased from the in-plane field value of 12.8 Oe to a value of 21 Oe at the maximum accessible magnetization angle of 70°relative to the disk plane. This increase in spin wave damping with the out-of-plane angle is attributed to spin orbit coupling.
I. INTRODUCTION
Hexagonal ferrite materials offer advantages for millimeter wave applications because of the large anisotropy. 1 High power microwave applications require an understanding of the spin wave instability threshold power levels and the corresponding spin wave linewidth ⌬H k which is a measure of the spin wave damping. Up to now, high power analyses for Zn-Y materials have generally taken ⌬H k to be isotropic. [2] [3] [4] [5] Recent high power Zn-Y measurements for static fields out of the easy plane indicated an increase in the spin wave linewidth relative to the in-plane field case. The objective of this work was to perform a series of first order spin wave instability threshold field h crit measurements for oblique pumping with both in-plane and out-of-plane static fields, and determine the spin wave linewidth for all of these configurations. Oblique pumping corresponds to field geometry for which the linearly polarized microwave field and the static magnetization have a relative angle between zero and 90°. 6 In these experiments, the pumping angle causes large changes in the half frequency critical modes responsible for the instability. The results indicate that while ⌬H k is relatively insensitive to the particular critical mode for the instability, it is very sensitive to movements of the static magnetization from in plane to out of plane.
II. EXPERIMENT
The samples for the measurements consisted of thin disks fabricated from bulk single crystal platelets of Zn-Y hexagonal ferrite with Mn substitutions. The specific composition was Ba 2 Zn 1.82 Fe 11.83 Mn 0.68 O 21.2 . The saturation induction 4M s was 2.33 kG and the effective anisotropy field H A was Ϫ9.4 kOe. 5 The data in this article are presented for a representative easy c-plane disk sample with a diameter of 2.32 mm and a thickness of 0.19 mm. The disk had a ferromagnetic resonance ͑FMR͒ linewidth of 13 Oe at 9.5 GHz, as measured for an in-plane static field. This value is reasonably small for this material. 4, 7 The high power measurements were made with a pulsed reflection cavity spectrometer at a nominal frequency of 16.7 GHz. The high power thresholds were obtained from the power at which the reflected pulses showed a discernable nonlinear response. The measurements were made with the sample in the center of the standard TE 102 rectangular cavity. The power thresholds were converted to threshold microwave field amplitudes under the assumption of an unperturbed cavity mode applicable to small samples. Details of the method are given in Refs. 5 and 8.
The spin wave instability threshold fields were measured versus static field for two different oblique pumping arrangements with the static field in plane and out of plane, respectively. Plots of h crit vs H are typically called ''butterfly curves.'' The microwave magnetic field h was kept in plane for both cases. Figures 1 and 2 show the field arrangements. For the in-plane field oblique pumping ͑IPFOP͒ geometry of Fig. 1 , the static field H is in plane at an angle h relative to the in-plane h. In this case, the static magnetization M is parallel to H. For the out-of-plane field oblique pumping ͑OPFOP͒ geometry of Fig. 2 , H is rotated out of the disk plane but maintained in the plane defined by the disk normal and the microwave field h, the x-z plane in the figure. In this case, the field H is set at some out-of-plane angle, taken as H , relative to the disk normal. The magnetization vector M is pulled out of the disk plane. For purposes of this analysis, M is taken to be in the x-z plane in Fig. 2 
where N ip is the in-plane demagnetizing factor for the disk. The two oblique pumping geometries described above allow one to access different instability processes. In the IP-FOP case, the oblique pumping angle h is a direct control parameter in the experiment. The critical mode polar and azimuthal spin wave propagation angles both change with h . In the OPFOP case, the situation is more complicated. When H is nonzero, H, h, and M are in the x-z plane and the pumping geometry is well defined. However, at H ϭ0 for any applied field below ͉H A ͉ϩ4M s , any small misalignment will affect the actual pumping angle between h and M. Since such small misalignments cannot be controlled, any theoretical fits must take this variability in the pumping angle into consideration. These considerations will be used below for the data analysis in the OPFOP case.
III. RESULTS AND DISCUSION
A. Butterfly curves for an in-plane static field Figure 3 shows the in-plane field oblique pumping results for h crit as a function of the external static field H. Data and theoretical fits are shown for three h values, zero, 45°, and 90°, as indicated. The symbols show the data. The solid lines show curves obtained from the theory of Ref. 9 for a constant spin wave linewidth ⌬H k value of 12.8 Oe. The lower limit fields for the calculated butterfly curves were determined from the onset of demagnetizing effects apparent from the data at HϭH d ϳ300 Oe for all three sets of data. This H d value indicates an N ip demagnetizing factor of about 0.13. This empirical N ip value is about a factor of 2 larger than estimates based on the Osborn formulas for ellipsoids. The model calculations for the data analysis discussed below use this empirical value.
The important results in Fig. 3 concern the mid-range of static fields between about 300 and 1000 Oe. One can see that for this middle range of fields, the average threshold values from the measurements and the computed curves follow the same trend. The thresholds at h ϭ0 and h ϭ90°a re both larger than the thresholds for h ϭ45°. The qualitative tracking between the data and the theory for a single value of the spin wave linewidth is significant. This tracking and the critical modes implicit in the computed curves in Fig.  3 will be discussed in more detail shortly.
It is worth noting that the h crit data in Fig. 3 extend to somewhat higher fields than indicated by the calculated curves. This is an effect of nonuniform demagnetizing fields. The theoretical curves diverge or truncate at the high field limit for which there are no available spin waves at one-half the pumping frequency. As noted above, the computed curves were obtained under the assumption of a uniform demagnetizing field of about 300 Oe. However, the sample had an aspect ratio of nearly 10:1 and a corresponding inhomogeneous internal field, especially at the edges. If one assumes that this inhomogeneity is on the order of the demagnetizing field itself, one can qualitatively explain the extension of the threshold data to the fields indicated. This field extension is about 300 Oe. These estimates are in a good agreement with the data on thin plate samples with different dimensions. 8 The effect of the demagnetizing fields in Zn-Y materials or other easy plane hexagonal ferrites has not been treated theoretically. The spin wave instability theory implies a uniformly magnetized sample which is valid for ellipsoidal shapes only. The spin wave instability processes occur in the local regions of the sample and the regions with the inhomo- geneous fields may have lower threshold. In these regions, M is declined from the in-plane direction. It will be shown later in Sec. III B that when M deviates from the in-plane direction and M decreases the h crit data extend to higher fields. The actual measured extension depends on the sensitivity of the measurement system because the regions with the inhomogeneous fields are quite small compared to the sample volume. Therefore, one can only estimate the effect of the nonuniform demagnetizing fields in a disk sample. This is a technological difference between a model and a real sample. Note that nonuniform demagnetizing fields do not affect the FMR linewidth significantly because the total volume with the inhomogeneous fields is much smaller that the rest of the sample. 5, 10 Further comments are needed at this point on the critical modes associated with the theoretical curves in Fig. 3 . As noted above, all of the theoretical curves were obtained through the usual minimization procedure described in Ref. 9 to obtain the lowest threshold at a given static field. The h ϭ0 case corresponds to parallel pumping. Here, the computed curve is flat below Hϭ1000 Oe and there is a small truncated linear segment for 1000 OeϽHϽ1200 Oe. The critical mode k values range from zero at Hϭ1000 Oe to about 3.5ϫ10 5 rad/cm at Hϭ300 Oe. Over this full range, critical mode polar and azimuthal propagation angles, taken as k and k , remain constant at 90°and zero, respectively. Note that these angles are measured relative to the (x,y,z) coordinate system in Fig. 1 . Critical modes at k ϭ90°and k ϭ0 correspond to a wave vector k which is normal to the disk plane.
The situation for h ϭ45°and h ϭ90°is quite different. Here, both computed curves are concave upward over the entire range of fields for the evaluations. Furthermore, the minimum threshold critical modes have kϭ0 over the 300-1000 Oe field range of interest, but the critical mode polar propagation angle k changes with field. For the h ϭ90°case, k decreases from 15°to 40°as H decreases from 1000 to 300 Oe. The azimuthal propagation angle k remains constant, but is now at 90°. The propagation directions for these low k modes are in the plane of the disk sample. The critical mode response for h ϭ45°is similar. Note that zero k in the context of Ref. 9 really means that the critical mode wave number is in the range of 10 4 rad/cm. These low k modes are available in the entire field range because the separation between top and bottom spin wave dispersion branches in Zn-Y is much larger than in isotropic ferrites. 5 There are two crucial points from the above critical mode results. First, in-plane oblique pumping produces a wide range of critical mode wave numbers and propagation angles. Second, one can use the theory with these different critical mode properties taken into account and obtain a reasonable match to the data for one and the same ⌬H k value of 12.8 Oe.
Further comments and analyses are in order for the h ϭ0 results in Fig. 3 . It is worth noting that for this case only, the computed butterfly curve for the 300 OeϽHϽ1000 Oe field range shows a completely flat response. At the same time, the data show an h crit which increases with decreasing field over this field range. This same result was presented in Fig. 2 of Ref. 5 , and it was suggested that a k-dependent ⌬H k was responsible for the discrepancy between the data and the theory. 11 However, the new data for h ϭ45°and h ϭ90°suggest an alternative explanation. Recall that the minimum threshold critical modes for these two cases had kϭ0 and the trend of the calculated curves match the data, more or less. Based on these results, additional computations were done for the h ϭ0 parallel pumping case, but with the wave number constrained to kϭ0. It was found that this constraint actually yielded a better fit to the data, even with the same ⌬H k ϭ12.8 Oe used for the curves in Fig. 3 . Figure 4 shows the data from Fig. 3 for h ϭ0 only and a new computed curve subject to the kϭ0 constraint. The format is the same as for Fig. 3 . The solid squares show the same data as in Fig. 3 . The solid curve shows the calculated butterfly curve with the kϭ0 constraint for the minimum threshold critical mode. The dashed curve shows the previous calculated curve without this constraint and as discussed above. As before, the computed curves were obtained for a k-independent ⌬H k value of 12.8 Oe. Figure 4 clearly shows that the kϭ0 constraint gives a nearly perfect fit to the data over the central field interval from 300 to 1000 Oe. As discussed above, demagnetizing effects become important for fields below and above these limits. This fit has several ramifications. First, the good fit for kϭ0 modes compared to the poor fit for an unconstrained k, suggests that the usual explanation for the increase in h crit with decreasing field in terms of a k-dependent ⌬H k is not correct in the current situation. Second, the critical mode fits, even with k constrained to be zero, still yield a variation in direction of the vector k.
Keep in mind that, as noted above, the kϭ0 constraint only means that the magnitude of k is in the range of 10 4 rad/cm. The solid line in Fig. 4 corresponds to a critical mode polar angle k of 90°and an azimuthal angle k which increases from 0 to 40°as H decreases from 1000 to 300 Oe. The corresponding propagation directions are out of plane. Considered as a whole, the fits to the h ϭ0 data in Fig. 4 and the results in Fig. 3 for h ϭ45°and h ϭ90°show that one value of ⌬H k gives a reasonable butterfly curve match between theory and experiment for a wide range of critical mode propagation directions.
There is one further implication of the results in Fig. 4 . The fact that one obtains a good fit to the data for h ϭ0 with k constrained to zero suggests that there must be a strong k dependence for ⌬H k . Keep in mind that the minimum threshold critical modes for a k-independent spin wave linewidth have a nonzero k. Why would the system ''prefer'' to have kϭ0 critical modes for the h ϭ0 parallel pumping case? A strongly k-dependent ⌬H k provides a plausible answer to this question. This effect is not accessible for the h ϭ45°or h ϭ90°configurations because the critical modes are at kϭ0 in the first place. Figure 5 shows additional results for the perpendicular pumping case with the microwave field perpendicular to the slab plane. The format is the same as for Figs. 3 and 4 . The upper data set and theoretical curve, labeled as ͑a͒, show the results for a microwave field direction which is perpendicular to the slab plane, as indicated. The lower data set and theoretical curve, labeled ͑b͒, show the result from Fig. 3 for h ϭ90°and in-plane perpendicular pumping. As before, the theoretical curve in ͑a͒ was obtained for ⌬H k ϭ12.8 Oe. The minimum threshold critical modes were identical with those obtained with the h ϭ90°in-plane pump. These results show that the same kind of match-up shown in Figs. 3 and 4 can be obtained for out-of-plane perpendicular pumping as well, and all for the same value of the spin wave linewidth as used before.
B. Butterfly curves for an out-of-plane static field
Turn now to the OPFOP results. As noted above, this pumping configuration with the static field out of plane is much more complicated than in the IPFOP case. In reference to the OPFOP configuration in Fig. 2 , consider the effect of the field H on the orientation of the vector magnetization M. The figure shows the ideal situation for which H, M, and the in-plane microwave field h are all in the x-z plane. When H is small and H is larger than about 10°, the vector M will be nearly in plane and the pumping configuration will be essentially the same as in the IPFOP case with parallel pumping at h ϭ0. If H is then increased, M will gradually be pulled out of the film plane and the pumping configuration will change from pure parallel pumping to oblique pumping. This evolution in the pumping configuration results in significant changes in the critical modes and the shape of the butterfly curve, especially at high field. 9 For small H , however, the change in the pumping configuration with a change in H is more involved. In order to show the problem, consider the limit of a small H at H ϭ0. For a small H, M will be in plane. However, the actual in-plane direction for M will be controlled by whatever small deviation of the actual field direction from the disk normal. In reference to Fig. 2 , this H will be along the indicated vertical reference line at H ϭ0. If the film happens to be tilted by some small angle so that the film normal points out of the page by some small angle, for example, then the inplane M will be perpendicular to the in-plane h. Since any such small misorientation of the film cannot be known, the actual pumping configuration in the low field limit could range from parallel to perpendicular, or any angle in between. One may define a misorinetation angle H as the angle between the projection of H onto the film plane and the in-plane microwave field h. In the low field limit with M in plane, this angle will also correspond to the angle between M and h. As H is increased and M is pulled out of the disk plane, the angle between M and h and the corresponding pumping configuration will move uniformly from H to an angle close to 90°Ϫ H .
The practical implications of the above misorientation effect for fits to experiment in the OPFOP case are clear. One cannot assume a particular orientation between the in-plane M and the in-plane h in the limit of low fields when H is close to H ϭ0. In order to compare theoretical butterfly curves with data, it will be necessary to examine the responses for a range of H values. The effect of H on the theoretical curves and the correlation with the data will be clear from the results below. Figure 6 shows representative OPFOP butterfly curve data along with three computed curves. These particular results are for a static field direction close to the perpendicular orientation at an experimental H setting of 5°. The solid circles show the data. The dashed and solid lines show the computed results. The upper limit of the data at about H ϭ10.3 kOe corresponds to a truncation point. At higher fields, there are no available half frequency spin waves and there is no first order h crit threshold. The abrupt jump in h crit for HϽ2 kOe and low field peak at HϷ1 kOe are due to demagnetizing effects. The h crit value of 10 Oe at Hϭ0 matches the IPFOP thresholds at zero field for all three data sets in Fig. 3 .
As in Sec. III A, the computed curves in Fig. 6 were obtained from the formalism of Ref. curve to truncate at the same high field H value as the data. This fitted H-Fit value was 6.7°. Second, the misorientation angle H defined above was adjusted to force the low field h crit values to match the data. This fitted H value was 75°. Figure 6 also shows two dashed curves. These curves were computed for H values of zero and 90°in order to bracket the full range of possible misorientation angles as discussed above.
The data and the calculated curves in Fig. 6 indicate a very different result for the OPFOP geometry than for the IPFOP case. First of all, one can see that as the field goes above about 7 kOe, the measured thresholds rise above the highest computed curve for ⌬H k ϭ12.8 Oe. At the same time, one can see that the solid line computed curve for H ϭ75°is matched nicely to the low field data below about 4 kOe, where M is essentially in plane. Note also that the fitted H-Fit value of 6.7°allows the computed truncation points at Hϭ10.4 kOe to fall right at data truncation field limits. These consistent fits indicate that the model is essentially correct. One is left, therefore, with a problem of how to explain the clear and rapid increase in h crit when the out-ofplane field H increases and M moves out of plane as well.
One obvious strategy to resolve this problem would be to consider a wave vector or critical mode dependence for ⌬H k . One can check this approach empirically by considering data similar to those shown in Fig. 6 , but for a range of experimental H values. For each set of data, one can use the increase in the measured h crit above the computed curve for ⌬H k ϭ12.8 Oe to estimate the needed increase in the spin wave linewidth as H is increased and M is pulled out of plane. One can then look for correlations between these changes and the changes in the critical mode wave vector parameters k, k , and k .
This analysis was done for three experimental H values, zero, 5°, and 10°. The 5°data were the same as discussed above. The two-step fit procedure to determine the actual H and H values for comparison with theory was the same as given above. It was found that the ⌬H k vs H response was essentially the same for all of the data. At the same time, however, the critical mode response was quite different for the three H values examined. The fitted H values were all nonzero. The critical mode k values were all zero, as in the IPFOP case. However, the calculated critical mode angles k and k varied significantly with H and with field. These results appear to exclude a k-dependent ⌬H k as the origin of the h crit response shown in Fig. 6 . This conclusion is also consistent with the IPFOP results of the previous section.
It is important to keep in mind that the kϭ0 critical mode condition makes it impossible to draw any conclusions about the actual k dependence of ⌬H k . Recall that the IP-FOP h ϭ0 results suggested a strong k-dependent spin wave linewidth. But these are the only data which allow for any such suggestion.
However, the fact that the ⌬H k vs H response from all of the h crit data for all three H values falls on a common curve does provide a clue to explain the problematic h crit increase as M is pulled out of plane. The important physical parameter here is, in fact, the magnetization angle M and not the external field. The common ⌬H k vs H response converts to a common ⌬H k vs M response. It is this response which provides an indication of the new physical results for the OP-FOP case. A ⌬H k vs M display was obtained from the ⌬H k fit data discussed above and M was calculated from the static equilibrium condition of Eq. ͑1͒ for the applicable H-Fit values. These M values were verified from vibrating sample magnetometer measurements of the vector magnetic moment for the given Zn-Y disk.
The full ⌬H k vs M results are shown in Fig. 7 . The solid squares, solid circles, and open squares show the results for the three experimental H values of zero, 5°, and 10°, as indicated. The single solid diamond point at M ϭ90°corre-sponds to the parallel pumping result at Hϭ1 kOe, taken from Fig. 4 . The horizontal dashed line for ⌬H k ϭ12.8 Oe is included to show a point of reference for the constant spin wave linewidth from the IPFOP analysis.
One can see from Fig. 7 its minimum value which has been matched to the IPFOP value of 12.8 Oe according to the fitting procedure discussed above. As M falls below 70°, ⌬H k is seen to increase. The spin wave linewidth then shows a broad peak at M ϳ40°a nd a maximum ⌬H k of about 19 Oe. As M is further reduced, this peak is followed by a local minimum at M ϳ25°with ⌬H k ϳ16.5 Oe. For M Ͻ20°, ⌬H k increases rapidly. The smallest out-of-plane magnetization angle accessible in the experiments was at M ϳ20°. At this point, the fitted ⌬H k value was about 21 Oe. It is important to note that the full response evident in Fig. 7 is derived from the data for H ϭ0 only. The accessible M values from the H ϭ5°and H ϭ10°data show only the increase as M is initially pulled out of plane. These data are too limited to show the full profile.
While initially unexpected, the fact that the spin wave linewidth changes as the magnetization vector is pulled out of plane is not surprising. The relaxation processes which give rise to ⌬H k in the first place derive from fundamental magnon-magnon and magnon-phonon interactions. 12 Magnon-phonon processes derive from spin orbit interactions which change as the direction of M changes relative to the crystallographic axes. Magnon-magnon processes will also change with M because of the shift in the spin wave band position. 13 Any linewidth contribution associated with these processes would change as M is pulled out of the easy crystallographic plane for the Zn-Y disk.
Specific connections are possible. Rather, the common mechanism should be related to the large magnetocrystalline anisotropy, spin orbit coupling, and magnon-phonon processes. A connection with spin orbit processes and magnon-phonon relaxation is certainly plausible here. The large anisotropy for the Zn-Y material originates from a very strong spin orbit interaction in the first place. Moreover, it is well known that a strong spin orbit interaction causes an increase in both the FMR linewidth and the spin wave linewidth. In order to understand the increase in ⌬H k one has to know the influence of the large anisotropy on spin wave and FMR damping. This influence has not been established yet quantitatively for easy plane and easy axis hexagonal ferrites. Even for well known uniaxial Ba-M hexagonal ferrite, the large values of the experimental FMR linewidth have not been quantitatively explained.
14 Therefore, we can only speculate about the origin of the ⌬H k increase.
It is important to emphasize here that the results in Fig.  7 constitute the first observation of an angular dependence for the spin wave linewidth in any magnetic materials. There have also been no previous theoretical predictions of such an effect and the exact mechanism has yet to be elucidated. The impact of this effect may be far reaching. One can expect, for example, a similar ⌬H k response in other high anisotropy materials such as uniaxial Ba-M hexagonal ferrite. In fact, the FMR linewidth in Ba-M disks shows an angular dependence which is similar to that found for Zn-Y. 13 This discovery may also be relevant to large angle switching experiments in anisotropic materials. The data here suggest that the applicable damping will change as the magnetization vector changes its direction relative to the crystal axes during switching.
IV. SUMMARY AND CONCLUSION
The objective of this work was to examine the spin wave linewidth ⌬H k in thin disk samples of high anisotropy Zn-Y hexagonal ferrite and determine if ⌬H k is isotropic and wave vector k independent, or if ⌬H k depends on the critical mode spin wave propagation direction or wave number k. Two classes of pumping configurations were used, one with the slab magnetized in plane ͑IPFOP case͒ and one with the magnetization pulled out of the disk plane ͑OPFOP case͒. Detailed measurements and analyses were made in the IP-FOP case for a full range of angles between the in-plane magnetization and the microwave field, and in the OPFOP case for a full range of static field angles from in plane to perpendicular to plane.
For all of these geometries, experimental first order spin wave instability butterfly curves of the threshold microwave field amplitude h crit versus the static field H were obtained for a pumping frequency of 16.7 GHz. Computed butterfly curves based on the formalism of Ref. 9 were then obtained for comparison with the data.
It was found that all of the IPFOP case data could be modeled in terms of a constant value of the spin wave linewidth ⌬H k ϭ12.8 Oe. There was no systematic correlation between the h crit data and the critical mode wave vector k directions. It was found that the best fits to the data were always for kϷ0. The OPFOP data showed a somewhat different result. In this case, the analysis gives good theoretical fits only if ⌬H k is increased as the magnetization M is pulled out of plane. However, there was still no correlation between ⌬H k and the computed critical modes. The data suggest that the increase in ⌬H k as M is pulled out of plane can be related to spin orbit coupling.
